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SUMMARY 

This report documents research performed under Contract NAS 8-21082 

between 1 January 1967 and 31 October 1967. The object of t h i s  program 

i s  t o  measure the absorption coeff ic ients  and f i n e  s t ructure  parameters 

of water vapor a t  wavelengths between 1 and 10 

tween 1200' and 3000°K and t o  incorporate these in to  a prac t ica l  analyt ic  

procedure which may be used f o r  the evaluation of the radiative base heat- 

ing of Saturn V and other  launch vehicles. 

sonnel who spent appreciable amounts of t h e i r  t i m e  on t h i s  study were 

C. B. Ludwig (Principal Investigator and Project Leader), J. A. L. Thornson, 

W. Mdk.mus, M. L. S t r e i f f ,  C. N. Abeyta, R. Janda, and D. Sut t ie .  The 

Contract Wnitor  was R. M. Huffaker, Aerodynamics Branch, National Aeronautics 

and Space Administration, h r s h a l l  Space Flight Center, Huntsville, Alabama. 

A uniform volume of high temperature water vapor was produced above 

the  combustion zone of a long three inch wide f la t  burner which was con- 

s t ructed for these measurements. 

were made with a pathlength of 20 f e e t .  

I 

and a t  temperatures be- 

Sc ien t i f ic  and technical  per- 

Emission and absorption measurements 

The r e su l t s  obtained under the present program have been combined 

with previous data i n  order t o  generate tables  of water vapor absorption 

coeff ic ients  covering the spec t ra l  region 50 t o  9300 cm 

tu re  in t e rva l  300" t o  3000°K. 

-1 and the tempera- 

The representation of the  inverse of the 

l i n e  spacing covers the  in te rva ls  1150 t o  7500 cm'l i n  the temperature 

range from 600" t o  3000'K. 

Several nonisothermal measurements with four five-foot sections a t  

d i f fe ren t  temperatures were made t o  t e s t  the  nonisothermal radiance calcu- 

l a t i o n  procedure. 

X 



A theore t ica l  study of the sens i t i v i ty  of band models t o  deviations 

of the l i n e  shape from the assumed b r e n t z  shape was made and plausible 

l i n e  in tens i ty  d is t r ibu t ion  functions were investigated. 

xi 



SECTION 1 

INTRODUCTION 

&asurements of hot water vapor absorption up t o  a pathlength of ten 

f e e t  were carr ied out previously. Assuming the appl icabi l i ty  of the 

s t a t i s t i c a l  band model,- values f o r  the absorption coeff ic ients  and f ine  

s t ructure  parameters were obtained. 

The purpose of the research reported here is the extension of these 

measurements t o  twenty f ee t ,  i n  order t o  obtain more reliable values of 

the f ine  s t ructure  parameter i n  spec t ra l  regions where the square-root 

region of water vapor becomes b e t t e r  defined only a t  longer pathlengths. 

These spec t ra l  regions include the troughs between the vibration-rotation 

bands and the higher order bands a t  elevated temperatures. 

Of course, a t  and near the bottom of the troughs, much longer path- 

lengths than the present twenty f ee t  are  needed t o  bring the water absorp- 

t i on  in to  the square-root regions. 

f i c i e n t  as  t o  extrapolate w i t h  confidence the values of the f ine  s t ructure  

parameter in to  these trough regions, thereby eliminating the uncertainty 

exis t ing i n  the previously reported values. 

However, the present resu l t s  a re  suf- 

New values of the absorption coeff ic ients  k and the reciprocal of the 

average l i ne  spacing d a re  reported. 

than "a" was dictated by the desire  t o  reduce the complexity i n  the calcu- 

l a t i o n  of e a t  other than the present conditions. The representation of the 

l i ne  half  width y as a function of s e l f  and foreign gas broadening, tempera- 

ture ,  and pressure is  the same as given i n  Refs. 1 and 2. 

The decision t o  present l /d  rather 

The new values of k are  very s imilar  t o  the values reported previously. 

The new values of the f ine  s t ructure  parameter a (and therefore l / d  = a/y) 
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a re  s i m i l a r  t o  the previous band-averaged values of a for the  6.3- and 2.7-p 

band a t  a l l  temperatures, f o r  the  1.8- and 1.14-l~. band only a t  temperatures 

below 1 5 0 0 ° K .  

temperatures (> 1 5 0 0 ° K )  and i n  the  troughs. 

computational procedures i n  complex programs, it i s  desirable t o  represent 

Higher values of a a re  obtained f o r  these bands a t  higher 

In order t o  f a c i l i t a t e  the  

the  frequency dependent term l /d  by simple equations. 

averaged values were suggested. 

Previously, band- 

We propose now t o  replace the band-averaged 

values with a sinusoidal function, which simulates much more closely the 

measured and extrapolated values of l /d.  While t h i s  does not render the  

computations more d i f f i c u l t ,  it gives b e t t e r  values of e a t  long and non- 

homogeneous pathlengths than by using band-averaged values. 

In addition t o  these measurements, the independent control of four 

separate f ive-feet  sections was u t i l i zed  t o  make inhomogeneous measurements. 

The comparison with calculations using the present s e t  of k and l /d and 

the Curtis-Godson approximation gives good agreement, even f o r  the extreme 

case, where the  radiation of 5 f e e t  of 5 0  a t  2500 'K i s  passing through 1-5 

f e e t  of H20 a t  1200°K. 

spec t ra l  and t o t a l  emissivit ies of water vapor above 1 2 0 0 ° K  is  accurate t o  

within f 20% f o r  homogeneous and inhomogeneous paths a t  most of the conditions 

relevant t o  the exhaust of the Saturn V, ce r ta in  addi t ional  studies must be 

made t o  ver i fy  t h i s  confidence l e v e l  t o  temperatures below 1 2 0 0 ' K  and t o  

more extreme inhomogeneous paths. 

Although w e  estimate t h a t  the calculation of the 

The f i r s t  t ask  can be carr ied out through 

the  analysis of the  extensive experimental data taken by Rocketdyne3 and by 

the University of Michigan. 

experimental and theo re t i ca l  investigations.  

4 The second task  requires a combination of 

h r e  extreme inhomogeneous 
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path measurements must be taken and work on d i f fe ren t  models f o r  use i n  

the  Curtis-Godson approximation must be continued. 
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SECTION 2 

EXPERIMENTAL PROCEDURE 

The in s t a l l a t ion  of the ten-foot burner was described previously.’ For 

the present program, t en  feet of burner with the necessary propellant, 

cooling and control  system were added. 

burner inside the tank is shown i n  Fig. 1. A t  both s ides  of the burner, 

the manifolds connecting f ive  one-foot sections can be seen. The four 

infrared safe ty  devices (one f o r  each five-foot sect ion)  are  located 

outside the  tank and cannot be seen i n  the figure,  except one hole i n  

the tank w a l l  near the entrance, through which the collimated radiat ion 

passes. The infrared safe ty  devices consist  of a PbS detector,  an 

A photograph of the completed 

amplifier,  and a relay, which governs the two main control  valves f o r  

the propellants.  If the radiation drops below a previous set level ,  the 

main control  valves are shut and a nitrogen purge is  in i t i a t ed .  In ad- 

d i t ion ,  the  output of these amplifiers i s  displayed on a Sanborn recorder 

i n  order t o  check the constancy of the radiat ion during a spec t r a l  scan. 

The maximum variat ion of the output l e v e l  was within the accuracy of the 

control  gages (* 2%). 

a thermocouple, t ravel ing the t o t a l  length along the l i n e  of sight. 

Iiras value of the var ia t ions was less than 5%. 

The check of the  homogeneity was again made with 

The 

A t o t a l  of 24 runs were made. In  order t o  es tab l i sh  consistency with 

the previous runs, s i x  runs with a five-foot pathlength using d i f fe ren t  f ive-  

foot  sections,  s i x  runs with a ten-foot pathlength, and twelve runs with a 

twenty-foot pathlength were made. During the course of these runs, one 

e r ro r  was discovered, which exis ted i n  some of the previous runs made last 
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year a t  ten-foot pathlengths. 

section. 

A discussion of t h i s  is  given i n  the next 
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SECTION 3 

DATA ANALYSIS 

The same data  reduction procedure as described i n  Ref .  lwas used. 

Previous runs a t  2 ' ,  5 ' ,  and 10' together with new runs a t  5 ' ,  lo', and 

-1 
20' were used. 

in te rva ls .  

2nd degree polynomials as functions of the temperature. 

deviation t o  these f i t s  was about the sane as was found previously, l e s s  

than f 5$ i n  the bands, but somewhat greater i n  the troughs, where the 

signal-to-noise r a t i o  was smaller. 

measurements were less than the  corresponding measurements a t  smaller 

pathlengths . 

The spec t ra l  emissivi t ies  were averaged over 25 cm 

The averaged emissivi t ies  were then least-square f i t t e d  t o  

The RMS of the 

However, the e r rors  i n  the  20' trough 

From the curve-fi t ted data,  the emissivi t ies  were calculated a t  

specified temperatures between 1250" and 2750°K. Using the s t a t i s t i c a l  

model with exponential l i ne  in tens i ty  d is t r ibu t ion ,  the parameters k and 

a were obtained from the curves of growth a t  each u). The curves of growth 

An(l/ l-€) were transformed into l inear  functions of u: 

(u/h ( l / l -~))~ = km2 + u(h-ak)-l 

From the intercept  with the ordinate and from the slope, the values of k 

and a, respectively,  are obtained. 

I n  comparing these data with the previous ones, given i n  Ref. 1, the 

following observations are made. 



1. The absorption coeff ic ients  are essent ia l ly  the same, except 

i n  the troughs. 

2. The f ine  s t ructure  parameters "a'' a re  la rger  for  the higher 

order bands and f o r  the trough regions between the bands. 

The reason f o r  the difference is twofold: first, the 20' 

burner data improved the determination of the square-root 

region, which was previously well-defined only f o r  the regions 

having the la rges t  values of k; second, some of the previous 

10' burner data were i n  e r ror  by about 20$. 

This e r ro r  occurred through a wrong ca l ibra t ion  i n  the propellant 

system which influenced the determination of the temperature. After the 

data were corrected and new 10' data  obtained as a check, they were then 

used i n  the present data reduction, which subsequently gave higher values 

-1 of a.  A s  an example, the curve of growth a t  2000'K f o r  w = 3500 cm is 

plot ted i n  Fig. 2.  

curve of growth (least-square f i t )  is  given by the dashed l i ne .  

The previous data are  given by (o), and the resu l t ing  

The present 

data are given by ( A )  and the curve of growth is given by the s o l i d  l i ne .  

The present curve has a smaller slope and, therefore,  a greater  value of 

"a" f o r  the same k .  A t  the  same time, the CY ( R E  of the s c a t t e r  of data 

points)  is much reduced. 

As  i n  the previous data reduction, where the la rges t  pathlength was lo', 

the present data  up t o  20' a re  s t i l l  not suf f ic ien t  t o  determine the f ine  

s t ructure  parameter i n  the troughs between the bands. These regions were 

presented i n  R e f .  1 as dotted l ines  because of t h i s  uncertainty. 

a cer ta in  consistency i n  the data l e t  us believe tha t  "arf was small i n  these 

regions. We are now convinced t h a t  the consistency was for tui tous.  

However, 

The 
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present data indicate a r i s e  of "at1 toward the wings of the  bands so that 

the ac tua l  minima. of "a" occur i n  the center of the bands (excluding the 

&-branch) and not i n  the troughs. 

Although the absolute levels  of "a" and the dependence of "a" on the 

wavelength a re  d i f fe ren t  as compared w i t h  the r e su l t s  given i n  R e f .  1, the 

difference i n  the t o t a l  emissivity based on the two d i f fe ren t  s e t s  of Iratr i s  

small and i s  within the uncertainty l i m i t s  of the band model parameters. In  

Figs. 3 and 3a, the t o t a l  emissivi t ies  between 1150 and 5900 cm'l a t  2500' 

and 1500 K, respectively, are  computed based on previous k and band-averaged 0 

a ' s  and on present k 

5046 Ng mixture. The 

maximum deviation of 

and l/d a t  a t o t a l  pressure of 0.1 atm and 5 6  H ~ O  and 

abscissa i s  the pathlength from 0.1 t o  lo5 em-atm. 

about 25$ occurs a t  around 100 cm-atm for 15OOOK. 

The 

3-3 



SECTION 4 

RESULTS 

In  t h i s  section, we present the resu l t s  of the absorption coeff ic ients  

and the f ine  s t ruc ture  parameter i n  graphical and tabular  form. Comparisons 

bl between experimental and calculated data, e r ror  considerations and r e su l t s  

of inhomogeneous data are  also given. 

4.1 

Data were obtained i n  the temperature range from 1250" t o  2750"K, 

polations were made t o  1000" and 30000~. 

THE ABSORPI'ION COEFFICIENTS OF H20 

Extra- 

Previous data a t  300" and 6 0 0 " ~  

were re-examined and changes incorporated where necessary. Comparisons of 

the new data versus previous datal 

tures  of 300°, 600°, 1000°, 1500°, 2000°, 2500", and 3000°K. 

are  shown i n  Figs. 4-10 a t  the tempera- 

The major 

differences occur i n  the troughs only. 

4600 em'' fo r  1000°K comes through an e r ro r  i n  the  previous data.  

mental data e x i s t  for  the trough values a t  the temperatures of 600" and 300°K. 

The change of the trough values at  

No experi- 

The new data a re  log ica l  extrapolations from the high temperature r e su l t s .  The 

resu l t s  a r e  given a l so  i n  tabular  form i n  Table I. 

4.2 

While the format and the ac tua l  values of the absorption coeff ic ients  a re  

changed very l i t t l e ,  the representation of the f ine  s t ructure  parameter has 

been changed. I n  the case f o r  pure co l l i s ion  broadening fo r  H20 spec t r a l  l ines ,  

we write 

THE INVERSE OF THE LINE SPACINGS 

a C = Yc H2p 
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where 

Preliminary data of the individual l i ne  half widths for di f fe ren t  broadeners 

a re  the following (the same as given i n  Ref. 2). The data i n  parentheses 

a re  guesses. 

# 

H O  
y* = 0.44 

H2° 

= (0.09) H2° 
'H20 

= 0.09 H2° 

N2 
Y 

= 0.04 H2° 

O2 
Y 

Y H20 = (0-05)  
H2 

= 0.12 H2° 

c02 
Y 

H2° = (0.10) Yco 

Values of the inverse of the  l i ne  spacings ( l /d)  are given i n  t h i s  report .  

These a re  ident ica l  t o  the (l/dm), used i n  kbdel 3a. 

of l/do a re  used, where 

For &de1 3, values 
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with 0 = 2300°K. For a binary mixture, Eq. (2) reduces t o  

P 

which has been used (with >o = 3' = 0.04) t o  reduce our experimental 

data  of "a'' t o  the  values of l / d  (= l /dm).  The concentration c f o r  our 

conditions was calculated from a thermochemical equilibrium model. 

J O2 

The reduction of the experimental values of ''atr t o  the parameter l /d  

assumes the va l id i ty  of the  representation of the co l l i s ion  half  width 

through Eq. (3) or  Eq. (5) and the three individual half  widths yH , *H20 

H20 2 H2° and y . If i n  the  future  a new representation of y, and/or H2° 
'H20 O2 
new individual half  widths a re  found t o  be more applicable, the f ine  

s t ructure  parameter "a" can be obtained through Eq. (5) and the values 

of l / d  l i s t e d  i n  t h i s  report .  The concentration c is  given by 

c = -.io02 + .2802 x i o  -3 T1 -.lo89 X loe6 T2 + .0291 X 10 -' T3 ( 6 )  

Data were obtained fo r  the temperature range from 1250" t o  2750°K i n  the 

approximate spec t r a l  regions : 

1150 - 2200 cm" 

3200 - 4100 cm'l 
-1 4750 - 5700 cm 

6700 - 7500 cm'l 
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These spec t r a l  regions correspond t o  the major portions of the four 

vibration-rotation bands of' H20. In a l l  cases, the values of l /d  increase 

toward the wings of the bands and become undetermined i n  the  center of the  

troughs and the values of l /d  were extrapolated in to  the trough regions. 

Since the p lo ts  of t he  experimentally determined values of l /d  versus 

temperatures were smooth curves (see Figs. 11-20), they were extrapolated 

t o  600°K and t o  3000°K. 

w i l l  be made i n  the future  through the use of Simmons and Rocketdyne data.  

The s e t  of l /d  versus u) f o r  T = 600°, lOOO", 1500", 2000", 2500", and 

A ver i f ica t ion  of these extrapolations t o  6000~ 

3000°K i s  shown i n  Fig. 21, where a l l  regions, which were extrapolated by 

us, are given as  dashed l i nes .  A l i s t  of the values is  given i n  Table 11. 

In order t o  reduce the number of values t o  be s tored i n  a computer 

program, the l /d  were represented by a sinusoidal function: 

h l / d  = A s i n  (&u+C) + D(T) (7) 

where 

A = .7941 

B = .0036 

C -5 -8 e043 
-6 T2 D(T) = -2.295 + .3004 x lom2 T -.366 X 10 

I n  order t o  check t h i s  approximation, integrated emissivi t ies  were calcu- 

lated based on ( l /d)  f r o m  Table I1 and on ( l /d)  from m. (7). The calcu- 

la t ions  were performed f o r  a gas mixture of 50% H20 and 50% N2 a t  a t o t a l  

pressure of 0.1 atm. 

In Fig. 22, the t o t a l  emissivi t ies  integrated from 1150 t o  7500 cm'l are 

compared. 

The op t i ca l  path ranged from 0.1 cm-atm t o  lo5 cm-atm. 

In  Figs. 23 and 24, the band emissivi t ies  a t  1500" and 2500°K, 
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respectively,  are compared. The difference between the  r e su l t s  is  small. 

4.3 COMPARISON WITH EXPERIMENTAL DATA 

The consistency of our r e su l t s  was checked by comparing the experimentally 

measured emissivi t ies  w i t h  calculated values using the  k and l /d  from Tables 

I and 11. 

psthlengths (2, 5,  10, and 20 feet)  a t  two representative temperatures 

(15000 and 2 5 0 0 0 ~ ) .  

r The r e su l t s  are shown t o  be consistent (see Figs. 25-32) for a l l  

As  an independent check, comparisons with Simmons' data  are made f o r  

temperatures greater  than 1OOOOK. The r e s u l t s  are given i n  Figs. 33 and 34. 

4.4 ERROR LIMITS 

It is d i f f i c u l t  t o  assign spec i f ic  e r ror  l i m i t s  t o  the data  we presented, 

because they depend on many d i f fe ren t  parameters. 

precision with which the data  were taken. 

s t a t i s t i c a l  s ca t t e r ,  the accuracy of the  intermediate and the f inal  r e su l t s  

can be estimated. 

upon the spec t ra l  regions, the temperature and the pathlengths. 

t o  these considerations, the uncertainty of the models themselves must be 

assessed. 

W e  can estimate the 

From the knowledge of the 

It was founb tha t  both precision and accuracy depend 

In addition 

In order t o  give some overal l  e r ro r  l i m i t s ,  we estimate the calculat ion 

of integrated radiancies (or t o t a l  engineering emissivi t ies  ) based on the 

data presented here t o  be within f 5$ for pL 5 20 ft-atm. 

lengths, the uncertainty is surely greater  because it depends then more on 

the individual foreign gas broadener parameters, which are uncertain and, i n  

some cases, are  only guesses. For the calculation of spec t r a l  radiancies 

(or spec t ra l  emissivi t ies) ,  we estimate the overa l l  e r ro r  l i m i t s  to  be within 

For grea te r  path- 



f 20$. 

2.791, band a t  the  higher temperatures is  known b e t t e r  than f 104, while 

There are several  exceptions t o  t h i s  value. The center of the  

a l l  the trough regions and bands a t  the lower temperatures are probably 

known with less cer ta in ty  than f 204. 

W e  w i l l  now discuss the individual contributions t o  the overa l l  

e r ro r  l i m i t s .  The precision of the individual data ( i n  pV) i s  largely 

determined by the signal-to-noise r a t io s  of the system, the knowledge of 

the ca l ibra t ion  blackbody source (energy, temperature) and the spec t r a l  

cal ibrat ion (micrometer drum divisions versus wavelength). The signal-  

to-noise r a t i o  changes from 1 f o r  low radiat ion levels  t o  100 fo r  high 

radiat ion levels .  b w  radiat ion levels  e x i s t  i n  the  bottom of the troughs 

and i n  spec t ra l  region > 7000 cm'l a t  temperatures < 1500"K, and no r e l i ab le  

data are obtained i n  these regions. 

body temperature i s  within f 1 ° K .  

f 3 em-'. 

The precision i n  determining the black- 

The spec t r a l  ca l ibra t ion  is precise within 

The accuracy of the spec t r a l  data depends u p n  the conversion of the 

output of the amplifier (pV) t o  emissivi t ies .  In  the  case of absorption 

spectra,  the accuracy is determined by the precision with which the data 

were taken, and is, i n  general, poorer by a fac tor  of 2. In  the case of 

emission spectra,  the precision with which the gas temperature is known, 

i n  addition t o  the precision of the amplifier output, determines the accuracy 

of the spec t r a l  emissivi t ies .  The temperature of the gas is known within 

f 3%. This value was established through the precision of' the flow meters 

and through the s t a t i s t i c a l  s c a t t e r  of many temperature determinations. 

f 3% precision i n  temperature means an inaccuracy of f 5% t o  f 30% i n  the 

The 
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-1 -1 at  3000°K t o  8000 cm spec t r a l  emissivi t ies  from 3000 cm 

(See Fig. 35). 

a t  1000°K. 

An improvement i n  precision is effected by the curve f i t t i n g  process 

fo r  e versus T. We found t h a t  the R E  value of the deviations of the experi- 

mental spec t ra l  emissivi t ies  is  * f 5% f o r  the major portions of the bands 

and 5 rt 20$ i n  the troughs down t o  the lowest temperature of 1250°K. 

The deduction of the absorption coeff ic ients  and f ine  s t ructure  

parameters from the  experimental data depends upon the knowledge of t h e  

s t a t e  parameters of the gas, the pathlength, and the band model employed. 

As stated before, the temperature is  known t o  within i 3%; 

pressure was always assumed t o  be 1 a t m ;  the p a r t i a l  pressure f o r  water 

vapor and oxygen was calculated based on the assumption of chemical 

equilibrium, and the uncertainty is unknown; the geometric length is 

uncertain due t o  the temperature gradient a t  the two ends of the burner 

i n  the zones where the hot gas mixes with the cold nitrogen flow. Thermo- 

couple readings a t  low temperatures and v isua l  inspection a t  high tempera- 

tures ,  where the flame exhibi ts  a n  orange color, indicates a t r ans i t i on  

zone thickness of approximately 4". 

these 4" amount t o  an e r ro r  of about 2%. 

using a par t icu lar  band model has not been established as yet,  but w i l l  

be done i n  the near future .  A measure of the va l id i ty  of the s t a t i s t i c a l  

model can be seen i n  the f i t  of (u/h (- ))' versus u t o  a s t r a igh t  l i n e  

[see a. (l)] . Figures 36-38 show the RMS s c a t t e r  (denoted by 0) i n  the 

fit  of the experimental data t o  EQ. (1). 

i n  terms of accuracy of k and a.  

the l i nea r  region of the curve of growth, the points i n  the transformed 

the t o t a l  

A t  a nominal pathlength of 20 fee t ,  

A value f o r  the uncertainty i n  

1-€ 

T'is is  not readi ly  interpreted 

If the measurements are primarily near 
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equation [a. (l)] have nearly equal ordinates.  Thus k is well-determined, 

with experimental accuracy of about u. The slope of Eq. (1) may be poorly 

determined, and the error i n  a may be large.  If the measurements are primar- 

i l y  near the square-root region, the slope of Eq. (2) may be well-determined, 

but  not the intercept .  

may not be known separately with.any accuracy. 

located primarily along the t r ans i t i ona l  region of the curve of growth, k 

and a may both be known with comparable accuracy, but with e r ro r  greater  

than Only i f  the measurements extend w e l l  i n to  both ehe l inear  and 

square-root regions (so t h a t  Q represents the uncertainty i n  k2 as w e l l  as 

Thus, the product ka i s  known, but  k (and, hence, a )  

If the measurements are 
- 

u. 

i n  the  slope ka) w i l l  both k and a be determined with an accuracy of about 

0 and 0, respectively.  The trend exhibited i n  Figs. 36-38 is  t o  be 

expected. b w  CJ values e x i s t  i n  the bands and a t  the higher temperatures, 

while higher values e x i s t  i n  the  troughs and at  the  low temperature. 

4.5 INHomc;Emous GAS MEAsmmNTS 

In addition t o  the homogeneous measurements, the independent control  of 

four separate five-foot sections was u t i l i zed  t o  make inhomogeneous measure- 

ments. The experimental r e su l t s  are given i n  Figs. 39-44 i n  terms of 

W/cm2 emr1 f o r  the following conditions. 

Temp 
Section Conc Fig. 39 Fig. 40 Fig. 41 - 

T 2480 1210 1210 
C -37 .1.4 .14 A 

B T 1220 
C .14 

1520 
.18 

1210 
.14 

T 1180 2000 1l80 
C 9 13 .26 13 C 

T 2480 2480 2480 
C 37 37 9 37 D 
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The experimental data a re  compared with calculated ones, using the Curtis- 

Godson approximation with &del 3 and 3a. 

and experimental values is within the uncertainty of the temperatures. 

comparisons a re  made at  1 a t m  and the difference of the theore t ica l  values 

determined by the two models is  a t  most 12%. 

a t  1 atm, calculations were performed a t  0.1 atm, where no experimental data  

ex i s t .  

amounted t o  50% between the two models, &de1 3a always being higher and, 

therefore, being conservative. 

The agreement of the theore t ica l  

The 

I n  addition t o  the calculations 
L 

I n  t h a t  case, the la rges t  difference of the theo re t i ca l  values 

In conclusion, we remark t h a t  the simpler model 3a i s  preferable, giving 

good agreement with experimental data at  1 atm and conservative values a t  

lower pressures. 
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' SECI'ION 5 

ANALYTICAL STUDIES 

Studies have continued on optimizing the se lec t ion  of band models fo r  

use i n  par t icu lar  s i tua t ions .  Certain r e su l t s  are summarized here i n  

regard t o  two topics:  

(b) the choice of l i n e  in tens i ty  d is t r ibu t ion  function. 

(a) the e f f e c t  on non-brentz l i ne  shape and 

5.1 NON-LORENT2 LINE SHAPE 

Experimental s tudies  have been successful i n  demonstrating deviations 

from Inrentz l i ne  shape i n  cer ta in  s i tuat ions,  e.g., i n  the troughs 

between the widely spaced l ines  of hydrogen  halide^,^ and i n  the region 

beyond a sharp band head (C02). 6 In the former case, deviations were 

noted between 2 and 20 cm'l from the l i ne  centers, and i n  the l a t t e r  up 

t o  200 cm'l from the nearest l i n e  centers.  

In the case of HF, above-brentzian shapes were noted, and the wings 

were empirically f i t t e d  5 t o  a form c u ( w - ~ ~ ) - ~ ,  where n (which is 2 fo r  

Lorentz l i n e s )  was observed t o  be of the order of 1.8. 

In the case of C02 and CO, the l i ne  wings about 100 cm-l from the 
6 l i ne  centers were found t o  be below-hrentzian i n  shape. 

the experimenters assumed an empirical factor  applied t o  the l i ne  shape, 

which fac tor  decreased experimentally with distance from the  l i ne  center. 

In these cases, 

I n  studying the behavior of models of l i nes  where the loca l  properties 

do not vary abruptly, as near a band head, o r  i n  the f a r  wings of a molec- 

ular  band system where the loca l  in tens i ty  may drop off  exponentially, we 

are  most concerned with the  deviations i n  the near wings of the l ines ,  

since t h i s  may have the greatest  e f f ec t  on the loca l  emissivity properties.  



We w i l l  investigate the s i t ua t ion  where the absorption coeff ic ient  i n  

the wings of a l i n e  var ies  as ( ~ - w ~ ) - ~ :  

k(w) a Iw-w0I’“ for Iw-w 0 I large . 

I n  analogy t o  the case of the b r e n t z  l i ne  shape, we assume 

where b has the usual meaning of half-width a t  half- intensi ty ,  and a is 

proportional t o  the l i ne  intensi ty .  From the def in i t ion  

S = k(w) dw , (3 1 

we obtain d i r ec t ly  by integrat ion 

Sb”-l/n) [$ n sin(rr/n)] 

b + Iw-w 0 I n  k ( W )  = ( n 

For n = 2, E q .  (4) reduces t o  the usual Imentz  equation: 

From the def in i t ign  of equivalent width of an isolated l i ne ,  
W 

0 

we have 

W 

au dw w = J’ {l-exp[- b + Iw-wol n 
0 

(4) 

( 7 )  

This equation is not immediately integrable.  However, for investigating 

the strong l i ne  region, we may study the asymptotic form 
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which y ie lds  

o r  expl ic i t ly ,  

1 1 1 

An approximate form of Eq. (10) can be obtained by expanding i n  

powers of (n-2): 

-( n-2)/4 1 - 
W 5 2(Sbu)' (Su/b) [ 1 + .05 (n-2) 1 .  (11) 

For 1.7 5 n s 2.3, Eq. (11) approximates Eq.  (10) within 15, so t h a t  Eq. 

(11) s t i l l  provides a very close upper l i m i t .  

and Eq. (11) y ie ld  

For n = 2, both Eq. (10) 

1 - 
W 5 2 ( S b ~ ) ~  , 

the  usual  equation fo r  the  "square-root'' region of a Lorentz l i ne  i n  the  

strong-line approximation, i.e., when the  l i ne  i s  strongly absorbed i n  the 

region near the l i ne  center. 

We note that i n  the  strong-line region for  a l i ne  of shape given by 

Eq. ( 2  ), we have 

1 
n w o r - u  

Thus f o r  n = 1.8, w e  have W u*455 i n  the  strong l i ne  region. 
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If w e  consider a band composed of randomly located l i nes  whose 

i n t e n s i t i e s  are  d is t r ibu ted  according t o  some normalized in tens i ty  d is -  

t r i bu t ion  P(S), w e  have 

T i  = J w(s) P(S) as . 

For the case of an exponential in tens i ty  distribution.,  

and the k(O) given by Eq. ( 2 ), w e  have 

00 CD 
(bn-l/a) (n/2) s i n  (r/n)Su 

b n + l a - W  In 
0 

s = o  
G = so f 

.J 

After lengthy manipulations, including interchange of order of integration, 

we obtain an exact expression: 

1 - -  1 n 
(17) 

- 
W = Sou [ 1 + n s in ( r /n )  Sou/2nb] 

For n = 2, w e  obtaln the  customary expression 

1 
2 

-- 
= S u [ 1 + Sou/rb] . (18) 

0 

On divis ion by d, the  mean l ine  spacing,Equation (17) yields ,  i n  

the l i m i t  of small S u[d, 
0 
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and, i n  the  l i m i t  of large S u/dJ 
0 

if 
d n s i n  V n 

[ 2Tb/;l, j] 1 -l /n [y]’In w 

I f  we ident i fy  these asymptotic regions with those of a model 7 comprised 

of l i nes  of an equivalent in tens i ty  S and equivalent spacing % (using 

Eq. (10)) w e  f ind  
E 

I n  terms of these parmeters ,  w e  have 

On introduction of the  dimensionLess parameters 

and 

= s~u/2Vb J 

Eq. (23) becomes 

i f -  - - J d 
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where 

. n  -. 
n-1 

Again, we note t h a t  fo r  n = 2, Eq. (27) becomes 

1 

, 

n 
n-1 

- -  

the curve of growth previously designated7 e( "E). 
I n  Fig.42, the curves of growth en(%) are plot ted for  n = 1.8 

(dashed), 2.0 ( so l id) ,  and 2.2 (dotted).  

used t o  shaw the fusion of each curve w i t h  its asymptbtes. 

A wide enough range of 3 is 
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5.2 LINE INTENSITY DISTRIBUTION FUNCTIONS 

The select ion of an appropriate l i ne  in tens i ty  d is t r ibu t ion  m c t i o n  

should be based a t  least t o  some extent on the theore t ica l ly  ant ic ipated 

d is t r ibu t ion  of i n t ens i t i e s  i n  the spec t ra l  region which the model i s  

t o  represent, since it would be extremely arduous, i f  not completely 

impossible, t o  make an ac tua l  count of l ines  over mny orders of magnitude. 

Some models which a re  s t i l l  commonly used presuppose in tens i ty  dis- 

t r ibut ions which are based at  l eas t  as much upon mathematical expediency 

as upon physical reasoning. For instance, an in tens i ty  d is t r ibu t ion  i n  

which a l l  l ines  a r e  assigned equal i n t ens i t i e s  i s  c lear ly  not an optimum 

description for  a high-temperature molecular spectrum. 

this assumption, the curve of growth of a random band model i s  iden t i ca l  

t o  that of a s ingle  isolated l ine.  

However, under 

Similarly the  assumption of an expon- 

* e n t i a l  in tens i ty  dis t r ibut ion,  while more reasonable, is  not based on d i r ec t  

p lys ica l  reasoning, but is  employed because it removes the  Bessel functions 

from the Ladenburg-Reiche function and leaves a simple algebraic form. 

The d is t r ibu t ion  of in t ens i t i e s  within a hypothetical  band is  frequently 

described by a probabill ty d is t r ibu t ion  P(S) which i s  normalized: 

f P(S) ds = 1 ( 2 9 )  
0 

Thus the probabili ty that any a rb i t r a ry  line has an in tens i ty  between 

S1 and S2 i s  given by 

The  probabili ty d is t r ibu t ion  function i s  proportional t o  the number density 

of l ines  with respect t o  in tens i ty  

P(S) a !& 
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Using the chain rule, we can write 

The dominant fac tor  in the general expression for  l i ne  in tens i ty  is 

the Boltzmann factor .  From the approximate relat ionehip 

w e  f ind 

As a re su l t  of e f f ec t s  such as nonrigidity and multiple v ibra t iona l  degre6 

of freeitom, the number density of energy levels  wi114ncrease w i t h  E. If 

we postulate an approximate parer l a w  

m 
- a Em a [In (SM/S)] 
dE 

w e  have 

m 

From the normalization requirement, 

1 

where SM i s  the maximum and S /R the minimum intensi ty ,  w e  have M 

(35) 

(37) 
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We then have, expl ic i t ly ,  

m + l  
P(S) = (m'l) s-l[ln(sM/s)==Jm / (m) 0 

For m = 0, this expression reduces t o  

P(S) = s-l/1nR, 

which case has been discussed previously. 7 

The average value of S i s  given by 

s = J SP(S) as 

which, f o r  large R, i s  

s = sM r ( m + 2 ) / ( ~ )  mt-1 

1 
Similarly, the average value of S2 is  given by 

which, fo r  large R, i s  

By defining the parameters % and % such that 

SE/$ = 3/d (45) 

and 

@/a = Z / d  , 
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we obtain 

sE = SM/4"'1 

and 

(47) 

6 The probabili ty d is t r ibu t ion  f'unctions fo r  R = 10 and m = 0,1,2, 

and 3 are shown i n  Fig.43. 

the slope is  somewhat steeper than -1. I f  we define 

Note tha t  i n  the region of smallest i n t ens i t i e s  

x = In (SM/S) 

and 

Eq. (39) becomes 

from which we f ind  

(49) 

dY Thus fo r  x rn -14 (S = SM/R) and m = 3, the slope w -1.2. 

It does not appear possible t o  obtain closed form expressions fo r  the 

curves of growth associated with P(S) of the form of Eq. (39). 

however, note a P(S) which i s  proportional t o  S-2 (shown i n  Fig. 43 as a 

dashed curve, with slope -2) i s  f a r  more heavily biased toward the lower 

i n t e n s i t i e s  than the curves shown fo r  m = l,2,3. The normalized d is t r ibu t ion  

i s  expressed by 

We can, 
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P(S) = SM (R-l)-’ S-2 (s&=qJ 

= o  (otherwise) 

If this expression i s  convoluted with an exponential d i s t r ibu t ion  

( fo r  convenience), which broadens the d is t r ibu t ion  of i n t ens i t i e s  even 

further, the resu l t ing  d is t r ibu t ion  i s  given by 

(53 1 

By following the same procedure as i n  Ref. 7 ,  we obtain the following 

exp l i c i t  expression for  the curve of growth resu l t ing  from the P(S) of 

Eq* ( 54): 

. where 

-i 
4 

[ l+a%/( l.x~R)~]-l 

and BE and % have the meanings defined previously. 

This curve of growth is  shown i n  Fig. (44) as a dashed l ine .  For 

comparison, the Ladenburg-Reiche curve ( so l id  curve) corresponding t o  

P(S) = 6(S -SE) and the curve 3 h(%) corresponding t o  P(S) = (S InR)-’ 

exp(-S/RSE) (dotted curve) a re  a l s o  shown. 

as so l id  l ines .  

The mutual asymptotes are shown 

The curve F ( ) provides only a gross lower l i m i t  t o  the curves of 2 %  

growth which would correspond t o  the P(S) of EQ. (39), shown i n  Fig. (43). 
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Fig. 2. Curve of growth a t  2000°K f o r  w = 3500 cm" i n  terms of 

(u/h (I./l-e))* versus U. Previous data a re  indicated by 

(o), the present data by (A). 
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Fig. 23. Integrated band emissivi t ies  a t  1500°K versus pL, based on (1 
from Table I1 (sol id  l i n e )  and on ( l /d)  as  a sinusoidal funct 
of u) (dashed l i ne ) .  Total  pressure i s  0.1 a t m ,  50$ G O  and 5 
E2 
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Fig. 24. Integrated band emissivi t ies  a t  2500°K versus pL, based 
from Table I1 (sol id  l i n e )  and on (l /d) as a sinusoidal 
of w (dashed l i ne ) .  Total  pressure is  0.1 atm, 50% &O 
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